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Abstract 

By constructing a new coupling, the log-Harnack inequality is established for 
the functional solution of a delay stochastic differential equation with multiplicative 
noise. As applications, the strong Feller property and heat kernel estimates w.r.t. 
quasi-invariant probability measures are derived for the associated transition semi- 
group of the solution. The dimension-free Harnack inequality in the sense of [12] is 
also investigated. 
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1 Introduction 

The dimension-free Harnack inequality introduced in [12] has become a useful tool in the 
study of diffusion semigroups, in particular, for the uniform integrability, contractivity 
properties, and estimates on heat kernels, see e.g. [21 [H HI |8l |9l [101 CSl HH [13 [18] and 
references within. Recently, by using coupling arguments, the dimension-free Harnack 
inequality has been established in [16] for stochastic differential equations (SDEs) with 
multiplicative noise, and in [6] for stochastic differential delay equations (SDDEs) with 
additive noise. The aim of this paper is to extend these existed results to the functional 
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solution of SDDEs with multiplicative noise. Due to the the double difficulty caused by 
delay and non-constant diffusion coefficient, both couplings constructed in [16] and [6] 
are no longer valid. Under a reasonable assumption (see (A) below), we will construct 
a successful coupling which leads to an explicit log-Harnack inequality of the functional 
solution (see Theorem 11.11 below). This weaker version of Harnack inequality was intro- 
duced in [m [15] for elhptic diffusion processes, and it is powerful enough to imply some 
regularity properties of the semigroup such as the strong Feller property and heat ker- 
nel estimates w.r.t. quasi-invariant probability measures (see Corollary 11.21 below). The 
dimension-free Harnack inequality in the sense of [12] is also derived (see Theorem 14.11 
below) . 

Let To > be fixed, and let ^ = C([— ro, 0]; M'^) be equipped with the uniform norm 
II • I loo- Let l3§b[^) be the set of all bounded measurable functions on ^. Let B(t) be a 
d-dimensional Brownian motion on a complete filtered probability space (fi, {^t}i>o,P), 
and let 

a : [0, oo) X R'^ X ^ R'^ ® R'^, 
Z : [0,oo) X R"^ X ^ R'^, 
6 : [0,oo) X <^ X ^ R*^ 

be progressively measurable and continuous w.r.t. the second variable. Consider the 
following delay SDE on R"^: 

(1.1) dX{t) = {Z{t,X{t)) + h{t,Xt)]dt + a{t,X{t))dB{t), XoG^, 

where for each t > 0, G ^ is fixed as Xtiu) = X{t + u),u G [— ro, 0]. Let || ■ || and || ■ \\hs 
be the operator norm and the Hilbert-Schmidt norm for d x (i-matrices respectively. 

To ensure the existence, uniqueness, non-explosion, and further regular properties of 
the solution, we make use of the following assumption: 

(A) cr is invertihle, and there exist constants Ki,K2 > 0,/i3 > and G R such 
that 

(Al) \a{t,r]{0))-'{b{t,0-b{t,v)}\<K^U-7]\U t>0,e,r/G^; 
(A2) \{a{t,x)~a{t,y))\ < ^2(1 A |x - |/|), t > 0,x,y e R''; 
{A3) \a{t,xy^\ < K3, t>0,xeM.'^; 

(A4) \\a{t, x) - ait, y)\\ls + 2(x - y, Z{t, x) - Z{t, y)) < K^\x - y\\ t > 0, x, y G R'^ 
hold almost surely. 
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We remark that in [6] cr is assumed to be the unit matrix and (A4) holds for non- 
positive X4, so that (A) holds for K2 = 0, ^"3 = 1 and Ki being the Lipschitz constant 
of b. Moreover, it is easy to see that (A) is satisfied provided a is uniformly invertible, 
and a, b, Z are Lipschitz continuous w.r.t. the second variable uniformly in the first and 
third variables. Therefore, our framework is much more general. 

On the other hand, if (A) holds then for any ^^o-ni^asurable Xq, the equation (11. ip 
has a unique strong solution and the solution is non-explosive. To indicate the dependence 
of the solution on the initial data, for any ^ E ^ we shall use X^{t) and Xf respectively 
to denote the solution and the functional solution to the equation with Xq = f . We shall 
investigate the Harnack inequality and applications for the family of Markov operators 
{Pt)t>o on given by 

Pt/(0 = E/(Xf), t>OJ e^bi'tf). 

We note that due to the delay, the solution X{t) is not Markovian. But when Z, b and a 
are deterministic, the functional solution Xt is a strong Markov process. 

Theorem 1.1. Assume (A). Then the log-Harnack inequality 

PTlogf{v)<logPTf{0 + HT{C,v), r>ro,e,r7e^ 
holds for f G ^bC^) with / > 1 and 

se(0,T-ro] i — e 12 J J 

Consequently, for any T > vq. Ft is strong Feller, i.e. Fx^bi^) C Cb(^), the set of 
bounded continuous functions on 

It is easy to see that the log-Harnack inequality only holds for T > vq. Indeed, if the 
inequality holds for some T G (0,ro] then by taking f{^) = (1 + \^{T — ro)| A ra)" and 
letting n — )■ 00, the inequality implies that 

log(l + \r]{T - ro)|) < log(l + \C{T - ro)|) 

holds for all ^, 77 G which is however impossible. 

Next, we present some consequences of the above log-Harnack inequality for heat 
kernels of Ft w.r.t. a quasi-invariant probability measure fi. 

Definition 1.1. Let (E,^) be a measurable space with ^b{E) the set of all hounded 
measurable functions, let fi be a probability measure on E, and let F be a bounded linear 
operator on ^b{E). 

{i) fi is called quasi-invariant of F, if fiF is absolutely continuous w.r.t. /i, where 
{fiF){A) := /i(Pl^), A G If fiF = /i then fi is called an invariant probability 
measure of F. 
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(n) A measurable function p on E"^ is called the kernel of P w.r.t. jj,, if 

Pf= [ Pi;y)fiv)l^idy), fe^.iE). 

JE 

Corollary 1.2. Assume (A). Let t > ro and ^ he a quasi-invariant probability measure 
of Pt. Then: 

(1) Pt has a kernel Pt w.r.t. //. 

(2) The kernel pt satisfies the entropy inequality 

f Pt{t■)^og^^d^l<Ht{tv), 

where we set r log ^ = if r = and r log ^ = oo if r > and s = 0. 

(3) The kernel pt satisfies 

/ ■)Pt('7r)d/i > exp[-ift(^,?7)], ^,?7G^. 

(4) Pt has at most one invariant probability measure, and if it has, the kernel of Pt 
w.r.t. the invariant probability measure is strictly positive. 

Note that if Pt is symmetric w.r.t. fi, then fc^PtiCi ')Ptijl^ O^A* = P2t{^,v) so that (3) 
provides a Gaussian type lower bound for the heat kernel. Moreover, if fi is an invariant 
probability measure of Pt, then (2) gives an entropy-cost inequality as in [TTl Corollary 
1.2(3)]. More precisely, letting P^ be the adjoint operator of Pt in for any / > 

with = 1, one has 

/i((P;/)logP;/) < inf / Hti^,vMd^,dv), t > 0, 

where C(/i, f jj) is the set of all couplings for /i and //i. The right hand side of the 
above inequality is called the transportation-cost between /x and //i with cost function 
Ht. Finally, we note that the uniqueness of the invariant probability measure has been 
investigated in [7] for SDDEs in terms of the asymptotic coupling property. 

To conclude this section, let us present an existence result of the quasi-invariant mea- 
sure (see [5] for existence of the invariant probability measure). 

Proposition 1.3. Assume (A) and let a and Z be deterministic and time-independent. If 
X (-7- —\\o'{x)\\1[g — {x, Z{x)) is a compact function, i.e. {x G M'' : —\\o'{x)\\1[g — {x, Z{x)) < 
r} is a compact set for any constant r > 0, then {Pt}t>o has a quasi-invariant probability 
measure, i.e. the measure is quasi-invariant for all Pt,t > 0. 

The proof of Theorem 11.11 is presented in Section 2 while those of Corollary 11.21 and 
Proposition 11.31 are addressed in Section 3. Finally, in Section 4 we investigate the 
dimension- free Harnack inequality in the sense of jl2j . 



4 



2 Proof of Theorem 1.1 



According to [Ml Proposition 2.3], the claimed log-Harnack inequality implies the strong 
Feller property of Pt, see also Proposition 13.1( 1) below. So, we only have to prove the 
desired log-Harnack inequality. To make the proof easy to follow, let us first explain the 
main idea of the argument. 

Let T > ro and to e (0, T - tq] be fixed. Let X{s) solve with Xq = ^. For 

7 G C^([0, to]) such that j{r) > for r G [0, to) and 7(to) = 0, let F(t) solve the equation 

^2 ^) dy(t) ={z{t, Y{t)) + bit, X,) + ^-^<y{t. Y{t))a{t, x{t)r\x{t) - y(t))}dt 

+ a(t,y(t))dS(t), Fo = ^. 

The key point of our coupling is that X{t) and Y{t) will move together from time to on, 
so that Xt = Iji. To this end, we add the drift term 

^a(t, r(t))a(t, x{t)r\x{t) - y(t))dt 

to force Y{t) to meet X{t) at time to. In order to dominate the non-trivial martingale 
part of X{t) — Y{t), the force has to be infinitely strong near by to, for this we need 
7(^0) = 0. More precisely, as in [16] we shall take 

7(t) = ^(l-e(*-*»)^^), tG[0,to) 

for a parameter ^ G (0,2). In this case, we have 

(2.2) 2 + i{t)-K^-i{t) = e, tG[0,to]. 

Moreover, to ensure these two process moving together after the coupling time (i.e. 
the first meeting time), they should solve the same equation from that time on. This is 
the reason why we have to take the delay term in (12.11) by using Xt rather than Yt. Since 
the additional drift is singular at time to, it is only clear that Y{t) is well solved before 
time to. To solve Y{t) for all t G [0,T], we need to reformulate the equation by using a 
new Brownian motion determined by the Girsanov transform induced by the coupling. 

Let 

ct>t = a{t,Y{t)r'{b{t,Y,) - b{t,X,)} - ii!g£la(t,X(t))-i(X(t) - F(t)), t > 0. 

7(0 

From (A) it is easy to see that 
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Rt := exp [ / {(Ps,dB{s)) - \ f |0/ds 
is a martingale for t G [0, to)- We shall further prove that 

(i) {i?t}t>o is a well-defined martingale. 

Whence (i) is confirmed, by the Girsanov theorem, under probability dQ dP the 

process 

Bt:=Bt- [ (0„d5(s)), te[0,T] 
Jo 

is a d- dimensional Brownian motion and f l2.ip reduces to 

(2.3) dY{t) = {Z{t, Y{t)) + bit, Yt)}dt + a{t, Yit))dB{t), t e [0, T], Fq = V- 
Therefore, (12. ip has a unique solution {Y{t)}t(z[o,T] under the probability Qt, and 

(2.4) Prfiv) = Eq,/(1t) = E[i?r/(rr)]. 
Next, we shall prove that 

(ii) The coupling time r := inf{t > : X{t) = Y{t)} < to, Qr-a.s. 

From (II. ip and (12. ip we see that for t > t, the two processes X{t) and Y{t) solve the 
same equation, because the additional drift term disappears as soon as X{t) = Y(t). By 
the uniqueness of the solution to (II. ID we have X(t) = Y{t) for t > t. Combining this 
with (ii) and noting that to < T — rg, we conclude that Xt = Yt, Q^-a.s. So, by the 
Young inequality and (12.40 . we arrive at 

Prhgfiv) = ElRrhg /{Yt)] = E[i?T log /(Xt)] < log Pr/(0 + log i?T. 
Therefore, to complete the proof it remains to show that 

In the remainder of the section, we will prove the above claimed (i)-(iii) respectively. 
2.1 Proofs of (i) 

The key result of this subsection is the following. 
Proposition 2.1. Assume (A). Then for any t G [0,fo); 

E[R,\ogR,\ < ^(2_e)(l-e-^4*o) + ffi lie-^IL- 
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Proof. Let t G (0, to) be fixed. Then {B{s)}s<t is a d- dimensional Brownian motion under 
the probability dQf := Rtd¥, so that (Al) and {A3) imply 

E[Rtlog Rt] = EQjog Rt = Eq^!^ j^{(P,,dB{s)) + ^ |0/ds| 
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EqJ^sI ds 



(2.5) 2 

<Ki2 rE^jin-x^ii^ds+i^i r^EQjx(s)-y(.)pds 

=-h + h. 

To estimate /i and /2, let us reformulate equation (11.11) using the new Brownian motion 
dX(s) = {Z(s, X{s)) + fo(s, X,) + a(s, X(s))0,}ds + a(s, X(s))d5(s), s < t. 

Since 

a(s,X(s))</), + 6(s,X,)-6(s,n) 

= {a{s, X{s)) - a{s, Y{s))]a{s, Y{s)r\h{s, Y,) - b{s, X,)) ^^'^ " ^^'^ 



7(s 

the equation reduces to 



dX{s) = {a{s, X{s)) - a{s, Yis))}a{s, Y{s))-\bis, Y^) - bis, X,)) 

(2 6) 

+ Z{s,X{s)) + b{s,Ys) - ^^^^^^^^ Ids + a(s,X(s))dS(s), s < t. 

7(s) J 

Combining this with (12. 3p and using the Ito formula, we obtain from (Al), {A2) and (AA) 
that 

d\X{s) - F(s)|2 < 2{X{s) - F(s), {a{s,X{s)) - a{s,Y{s)))dB{s)) 
^'^'^^ + !^2K,K2\\X, - Y4\^\X{s) - Y{s)\ + (^4 - ^) |X(s) - y(s)|2|ds, s < t. 

Since it is easy to see that 

2 2 

-fi:4 < < 



7(0) - 7(s)' 
it follows that 

(2 8) - ^( |x(I)Iy(I)r " a(s,y(s)))d5(.: 

+ Kiir2||^s-n||oods, s<t. 
7 



Let 

/ X{r) - Y{r) 



M{s)= ( \x{r) - Y{r)y ^^"^^ ~ Y{r)))dB{r)) , s<t, 
which is a martingale under Q^. By {A2) and the Doob inequahty we have 

Eq, sup M(r)2 < AK^ [ EqJ|X, - y.H^dr, s < t. 

re[0,s] Jo 

Combining this with (12. 8 p we obtain 

%ll^.-n|lL<lle-^llL + 2K|(i^^ + 4) r||X,-F,||Ldr, s<t. 

Jo 

By the Gronwall lemma, this implies that 

(2.9) EqJIX. - nilL < lie - r/||Le^^^(^^^^^-«)^ s < t. 

On the other hand, let 

dM(s) = :^(^(^) - ^(^)' (^(S' ^(-5)) - ^(5' y{s)))dB{s)), s < t, 
which is a martingale under Q^. It follows from (12. 7p and (12. 2p that 

d- — , . dM(s) 

7(s) 



Combining this with (12. 9p . we obtain 

MO- /'%l-^M-7MI'd. 



|e(0)-r/(0)p , i^ii^2,,.u/2^ ..n2.„^'^' 



^ MO) ^^^^^^ Wo ^-ll^-^^II^^^J 

|e(0)-r/(0)P Mt) ^^K|(^.,+8).||. _ ,|2 

^7(0) 2 2^2 e 



Therefore, 



7(5)"^ c'7(0) 6'"' 



Substituting this and (12. 9p into (12. 5p . we complete the proof. 
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Proof of (i) . According to Proposition [2111 {Rt}te[o,to) is a uniformly integrable continuous 
martingale. So, by the martingale convergence theorem, 



(2.12) 



Rto = lim Rt 

ttto 



exists and {Rt}t&[o.to] is again a uniformly integrable martingale. In particular, B{t) is a 
d- dimensional Brownian motion under dQto '■= -RtodP such that Y{t) can be solved from 
(12. 3 p for t G [0,to]. To solve the equation for t > to, let us use the filtered probability 
space {Q, {,^t}t>toiQto)- Since {B(t) — i?(to)}t>to is independent of Rt^, it is easy to see 
that {B{t)}t>to is a d- dimensional Brownian motion on this probability space. Moreover, 
due to (12.91) . and 1^^ are -measurable random variables on with 



(2.13) 



'to 



\xt,-Yt,ro,<u-vrooe 



Therefore, by {A2) and (^4), starting from Yf^ at time to the equation (12. ip has a unique 
solution {Y{t)}t>to, and by the Ito formula and (A4), 



d|X(t)-y(t)p < 2{Xit)-Y{t),{a{t,X{t))-a{t,Y{t)))dB{t))+K4\X{t)-Y{t)\Mt, t > to- 
Combining this with {A2) and noting that {B{t)}t>to is a QtQ-Brownian motion, we obtain 
Eq,^ ( sup \X{s) - Y{s)f ^t,) < e^(*-*°)||X,, - Y.Jl, t > to 

^s£[to,t] ^ 



for some constant K > 0. Therefore, it follows from (12.130 that 



se[to,t] 



Since 



= |a(t,y(t))-i(6(t,yi)-6(t,^0)| <^i||^t->l||oo, t>to, 

this implies that 



Rt 



R 



exp 



■to 



T-Tr 



AB{s))- \ f\<Ps\'ds 

^ -'to 



, t>to 



is a Qjq -martingale, and thus, for t > s > to and A G 



E(i?,U) =Eq,^{u^} =Eq,^{U-^} =E(/2,U). 

This means that {Rt}t>to is a P-martingale, and thus, {Rt}t>o is a well-defined P-martingale 
as claimed since {Rt}t£[o,to] is already a martingale. □ 
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2.2 Proof of (ii) 

Since {Rt}t£[o,T] is a martingale, for any t G [0,to) the inequality (12. lip holds for Qt in 
place of Qf Therefore, 



(2.14) Eq, / ' dt < oo. 



This implies that r < to, Qr-a.s. Indeed, since t h- )■ X{t) and t h- )■ are continuous 
QT-a.s., there exists fio C with QT(f2o) = 1 such that for any u G Qq, X{t){uj) and 
Y{t){u) are continuous in t. If w G Qq such that t{u) > Iq, then 



inf \X{t) -Y{t)\{uj) > 0, 

t6[0,io] 



SO that 



io iVf -.6|o,,„l' ^ ' ^ '7o 



This means that 

which equals to zero according to (12. 141) . 



T{r>to)<QT( I ' ^ \ ,,,2 dt = oo 



2.3 Proof of (iii) 

Since {-Rt}f>o is a martingale, by the Girsanov theorem {i?(t)}tg[o,T] is Brownian motion 
under Q^. Then 



E[i?Tlogi?r] = l^Qr I l^tl'dt 
2 Jo 

(2.15) =^Eq,^ IJ \<j),\'dt+^EQ^ \<f),\'dt 

= E[Rt,logRt,] + lEQ^ [ |0i|2dt. 



Since t < to and ^(t) = y{t) for t > r, we have X(t) = y{t) for t > tg- So, it follows 
form {Al) that 

to -J to 
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Combining this with (12. 9p . which also holds ioi t = s = to by (12.121) and the Fatou lemma, 
we arrive at 



Substituting this into (I2.15P and noting that (I2.12p and Proposition 12.11 with 6 = 1 imply 



E[R,, log i?,J < ^(2-^)(l-e-^^*o) + 11^ - ^lloo 



we prove (iii). 



3 Proofs of Corollary 11.21 and Proposition 11.3 



Proof of Corollary According to Theorem II. H we have 

e^-^(0 < {PTe^(r7)}e'"-"°°\ ^ ^,T>roJe ^,(^),/ > 

holds for some continuous function with limr_5.o ^r(^) = 0. So, the desired assertions 
follow immediately from the following more general result for $(r) = e^. □ 

Proposition 3.1. Let (E,^) be the Borel measurable space of a topology space E, P 
a Markov operator on ^i,{E), and fi a quasi-invariant probability measure of P. Let 
$ G C^([0, oo)) be an increasing function with $'(1) > and $(oo) := lim^^oo ^{r) = oo, 
such that 

(3.1) HP fix)) < {P<l>(/)(2/)}e*(^'J'), x,yeEJe ^,{E)J> 

holds for some measurable non-negative function \1/ on E"^. 

(1) // limj,_j.2,{\l/(x, y) + \l/(?/,2;)} = holds for all x G E, then P is strong Feller. 

(2) P has a kernelp w.r.t. fx, so that any invariant probability measure of P is absolutely 
continuous w.r.t. //. 

(3) P has at most one invariant probability measure and if it has, the kernel of P w.r.t. 
the invariant probability measure is strictly positive. 

(4) The kernelp of P w.r.t. fi satisfies 

l^pix, ■)<^'-'(^)d/i < $-^(e*(^'^)), x,yeE, 
where $^^(oo) := oo by convention. 
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(5) //r$ ^{r) is convex for r > 0, then the kernel p of P w.r.t. n satisfies 

/ p(a;,-)p(y,-)d/i > e-*(^'^), x,y e E. 

J E 

Proof. (1) Let / G ^b{E) be positive. Applying (13 .ip to 1 + e/ in place of / for £ > 0, 
we have 

$(1 + ePf{x)) < {P^{1 + £/)(y)}e*(^'^\ x,yeE,e>0. 
By the Taylor expansion this implies 

(3.2) $(1) + e$'(l)P/(x) + o(£) < {$(1) + e^'{l)Pf{y) + o(£)}e*("'^) 
for small e > 0. Letting y x we obtain 

ePf{x) <e\imMPf{y) + o{e). 

Thus, Pf{x) < limj^_>2. Pf{y) holds for all x & E. On the other hand, letting x ^ y in 
(13. 2 p gives Pfiy) > limsup^^j^ P/(x) for any y E E. Therefore, Pf is continuous. 

(2) To prove the existence of kernel, it suffices to prove that for any vl G ^ with 
//(yl) = we have PI a = 0. Applying (13. ip to / = 1 + nl^, we obtain 

(3.3) <l>(l + riPU(x)) / e-*(^'^V(d?/) < / $(1 + riU)(2/)(/xF)(d?/), n>l. 

Je Je 

Since fi{A) = and is quasi- invariant for P, we have 1^ = 0, /xP-a.s. So, it follows from 
that 

$(l + nPU(x))< j^-3^(^-^<oo, xGi?,n>l. 

Since $(1 + n) — oo as n — > oo, this implies that PIa^x) = for all x & E. 

Now, for any invariant probability measure /xq of -P? if /^(^) = then PI a = implies 
that iiQ^A) = /xo(-PIa) = 0. Therefore, jjQ is absolutely continuous w.r.t. fx. 

(3) We first prove that the kernel of P w.r.t. an invariant probability measure Hq 
is strictly positive. To this end, it suffices to show that for any x & E and A G 
P1a{x) = implies that /io(^) = 0. Since P1a{x) = 0, applying (13. ip to / = 1 + uPIa 
we obtain 

$(1 + nPlAiy)) < {P$(l + nlA)(x)}e*(^'^) = <l>(l)e*(^'^\ y G n > 1. 

Letting n — )■ oo we conclude that PIa = and hence, fio{A) = ^iq^PIa) = 0. 

Next, let /^i be another invariant probability measure of P, by (2) we have d/ii = 
fdfiQ for some probability density function /. We aim to prove that / = 1,/io-a.e. Let 
p{x, y) > he the kernel of P w.r.t. Hq, and let P*{x, dy) = p{y, x)fio{dy). Then 
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P*g= [ g{y)P*{;dy), g E ^t{E) 

J E 

is the adjoint operator of P w.r.t. ^q- Since /xq is P-invariant, we have 



^P*ld/io= / Pgd^iQ = / ^d/io, ge^b{E). 

E J E Je 

This imphes that P*l = 1,/io-a.e. Thus, for /iQ-a.e. x E E the measure P*(x, ■) is a 
probabihty measure. On the other hand, since /ii is P-invariant, we have 



/ iP*f)gdfio = / fPg djjo = Pgd^^= gdfii= / fgdfio, g e ^iE). 
Je Je Je Je Je 

This imphes that P*f = /, /x-a.e. Therefore, for any r > we have 



When P*(x,-) is a probabihty measure, by the Jensen inequahty one has P*j^{x) > 
P*/+i (^) ^i^d the equation holds if and only if / is constant P*(x, ■)-a.s. Hence, / is 
constant P*(x, ■)-a.s. for yUo-a.e. x. Since p{x,y) > for any y E E such that i^lq is 
absolutely continuous w.r.t. P*{x, ■) for any x E E, we conclude that / is constant fio-as. 
Therefore, / = 1 /io-a.s. since / is a probability density function. 
(4) Applying to 



and letting n — oo, we obtain the desired inequality. 

(5) Let r$~^(r) be convex for r > 0. By the Jensen inequality we have 



[ p{x,-)<^-\p{x,-))dfi><!>-\l). 
Je 



So, applying (l3T]) to 

/ = nA<^~\p{x,-)) 

and letting n — oo, we obtain 

j p(x,-)j5(z/,-)d^>e-*^"'^)$(^y" p{x,-)^-\p{x,-))df?j > e-*^"'^). 



□ 
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Proof of Proposition \1.3[ Consider the Ito SDE without delay: 



(3.4) 



dX{t) = Z{X{t))dt + a{X{t))dB{t). 



The equation has a unique strong solution which is a strong Markov process. Since 
— ||cr(2;|||f5 — {x, Z{x)) is a compact function, it is standard that the process has a (indeed 
unique, due to the ellipticity) invariant probability measure /io, so that with initial dis- 
tribution fiQ the process is stationary. Let fi be the distribution of the ^-valued random 
variable 



where -^(0) has distribution /Uq. Then the ^-valued Markov process {Xt}t>o with 

Xt{u) := X{t + u) := X{t + ro + u), uE [-ro, 0] 
has an invariant probability measure /i. Let B{t) = B{t + ro) — B{ro), we have 



As before, let X^{t) be the solution of this equation with Xq = ^. To formulate PtfiO 
using X^, we take 



{X{ro + u)}ue[-rQ,o], 



(3.5) 



dX{t) = Z{{X{t))dt + a{X{t))dB{t), t > 0. 




Then (13. 5p implies that 



dX^{t) = {Z{X^{t)) + b{t, Xl)}dt + a{X^{t))dB^{t), t > 0. 
By (A) it is easy to see that 



R4 := exp 




is a martingale, and by the Girsanov theorem for any T > 0, {B^{t)}te[o,T] is a Brownian 
motion under probability dQ^ := i?^dP. Therefore, 



(3.6) 



PrfiO = E[i?^/(X|,)], T > 0, / G J^ti"^). 



Since is an invariant probability measure of Xt, for any /x-null set A we have 
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Combining this with (13. 6 p we obtain 

{^lPT){A)= f PTlAdfi= I {lA(X^(a;)4(a;)}(Px/i)(du;,dO=0. 
Therefore, /u is a quasi-invariant probabihty measure of Pt- □ 

4 The Harnack inequality 

In this section we aim to estabhsh the Harnack inequahty with a power p > 1 in the sense 

of m-. 



(4.1) Prfiv) < {PTF{OV^''exp[%{T,^,r])], f > 0,T > r^, e ^ 

for some positive function $p on (ro, oo) x As shown in [16] for the case without delay, 
we will have to assume that p > (1 + K2K^Y. In this case, letting 

A. 



' 2(yp-l)2' 

the set 

H<°-^'- 2(i + .')3llAl -'' 

is non-empty. Let 

%{l + e)roKlK2\{A{l + e)rQKiK2\ + e} 2{l + ef\ {l + efKlKlKlX 



We{X) = max 
and 



52 ' ^2 ' 8eHl-e) 



Theorem 4.1. Assume (A). For any p > {1+K2K^)'^ andT > tq, the Harnack inequality 
(1^. jp holds for 



y/p seSp se(o,s,(Ap)A{T-ro)] [ 2(1 e) 1 - AK1K2S 

+ 2£(l-£Rl + 2.)(l-e-^-) + + ^"^^^^-^^ lie - ^ILj. 

Consequently, there exists a decreasing function C : {{1 + K2K^Y , 00) — ?■ (0,oo) siic/i that 



(4-1) holds for 

\m~vio)? 
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Proof, (a) We first observe that the second assertion is a consequence of the first. Indeed, 
for any q > {1 + K2K^Y , we take {e,s) = {£g,Sg{T)) for a fixed Eg G Og and Sg{T) := 
Se^(Ag) A (T — ro). By the definition of $g, there exists two positive constants ci{q) and 
C2{q) such that 



%{T,^,r])<Ci{q){l + U-r] 



|2 



\m-vm 



< 



C2(g) A(r-ro), 
Co V T -Tn J 



So, for any p > (1 + K2K^Y ^^^d any g G ((1 + -ftr2-^3)^)P]; by the first assertion and using 
the Jensen inequality, we obtain 



<(P^/P)i^(^)exp 



ci(g)(l + C2(g)) 

C2(g) 
ci(g)(l + C2(g)) 



C2(g) 



ie(o)-^(o)p 

T - ro 
T -r-Q 



Therefore, the second assertion holds for 



C(p) = inf 

q&{{l+K2K3)^,p] 



ci(g)(l + C2(g)) 



which is decreasing in p. 

(b) To prove the first assertion, let us fix e G 6p and to ^ (0, Se{Xp) A (T — ro)]. We 
shall make use of the coupling constructed in Section 2 for 6^ = 2(1 — e). Since to < T — ro 
and X{t) = Y{t) for t > to, we have Xt = Yt and 

(4.2) Prfiv) = nRTfiYr)] = E[RTf{XT)] < {PTFiOYH^Rf''^'^'''^' ■ 

By the definition of Rt and Qt, we have 



-rff tdP/{p-^) _ Iff pl/(p-l) 



rp — Ejjy exp 



p — 1 



1 



2(p-l) 



= Eqj, exp 
< I Eqj, exp 







P - 1 Jo 



p-1 



t,dB{t)) 



Vp+1 

2ip-iy 
(v^+1) 



2(p-l) 



T 



^tl'dt 



2(p- 1)2 



T 



X Eqj, exp 



(Vp+i)(p + Vp) 

2(p-l)2^ 



T 



v^/(v^+l) 



Eqj, exp 



'dt 



v^/(v^+l) 
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Combining this with (14. 2p . we obtain 

PT/(r7)<(PT/^)'/^(0(EQ,exp 



Xp I \<Pt\^dt 





(v^-1)/VP 



Therefore, to prove the first assertion, it suffices to show that 

cT 



Eq^ exp 



(4.3) 



< 



exp 



_2(1 + e) 2e{l - eY{l + 2e){l - e"^*.) 
lQKls^W,{X,) 



1 - AKiK^s 



+ {Klr^X, + 2sWe{X,))\\i~r,\\ 



Since X{t) = Y{t) for t > to, it is easy to see from the definition of (pt and (^41), {A3) 
that 











\X{t)-Y{t)\Hdt+Klro\\Xt^-Yt 



00 ■ 



By this and the Holder inequahty, we obtain 

-T 



(4.4) 



EQj,exp Ap 
< ^Eqj, exp 
X ^Eq^cxp 
X I Eq^ exp 







\<PtM] 



x,Ki{i+sf r 

Jo 



|X(t)-F(t)p 



lit) 
2Kf{l + eyXp rto 



dt 



\\Xt-Y,\\i^dt 



l/(l+e) 



e/(2+2e) 



2Kfro{l + e)Xp 



\\Xto — ^toIlL 



e/i2+2e) 



Since e G 0p imphes that 



2 ' 



it follows from Lemma 14.21 below that 



Eqj, exp 



(4.5) 



XpKl{l + E) 



X Eqj, exp 



KlKlKlXpil + e 



dt 



< exp 



\3 /"to 



k2(i-e) 



Ap/^|(l + e)^|e(0)-r/(0)P 
(1 + 2£)(1- 6)27(0) 

e/(l+2£) 
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Moreover, according to Lemma 14.31 below, 



Eqt exp 



'■\\Xto-Yt 



2 

to 1 1 00 



exp 



U-v 



|2 

1 00 



X Eq^ exp 



r\\xt-Y,\\idt 

Jo 



1/2 



Substituting this and (14.51) into (14. 4p . and using the definition of Ws{Xp), we conclude 
that 



Eqj, exp 



(4.6) 



A. 



< exp 



to 



W,{X,) / \\X,-Y,\\i,dt 



X exp 



+ 



(l + 2e)(l- 5)27(0) 2(1 + £ 



+ K',roX,U - V\\ 



Since to < Se{Xp), we have 



Vr,(Ap) < 



1 - 4X1^2^0 



So, combining (14.61) with Lemma [4.41 below and noting that for 9 = 2(1 — e) one has 

7(0) = 1^(1-6-^^*0), 

we prove (14. 3p . 

Lemma 4.2. For any positive X < 2K\f+£) ^ ^ [0)^o]; 
\X{t)-Y{t)\^ 



□ 



Eq-t exp 



A 



< 



exp 



lit)' 

x{i+e)\m-vm' 

[ (1 + 2£)(1- 6)27(0) 
Proof. Since 6* = 2(1 — e) and 



dt 



Eqj, exp 



K^^(l-h£)A 

8£2(1 -e)3 



e/(l+2e) 



4^e 



||Xi-yi|U|x(t)-y(t)| < 



7(t) 

it follows from (EH?]) that 

< M(.) + Mz^ + 

7(0) 



■\\X,-Y,\\l + ee 



\X{t)-Ym' 
7(t)2 



K2A'2||X, - Y,\\l 2(1 - e)2|X(t) - F(t)p 



^£(1-6) 



7(t)^ 



dt. 



Combining this with {A2) and the fact that 

(4.7) EQ,e^(^)+^ < (EQ,e2<^>(^)+2^)'/' 
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holds for a Q^-martingale and a random variable L, we obtain 
A 



Eqt exp 

< Eq^ exp 

< ^EQj,exp 

< ( Eqj, exp 



\xit)-Yit)i^^_xm-vm' 



A 



2(1-6)2 

2A'|A2 
(1^ 



M{s) + 



27(0)(l-e)2 



16£(1 -6)3 

TO) -nop 



dt 



\\Xt-Y,\\ldt 
%e{l-e) 



\\Xt-Yt\\ldt 







1/2 



{l-eY 



■dt 



l/(2+2e) 



X Eqj, exp 



KlKl{l + e)X 



\\X,-Yt\\ldt 



e/(2+2e) 



Since 



< A 



(1-6)4 

and up to an approximation argument as in ^6] Proof of Lemma 2.2] we may assume 

\X{t)-Y{t)\' 



that 



Eqj, exp 

this implies the desired inequality. 



A 



-dt 



< oo, 



□ 



Lemma 4.3. For any A > and s G [0,to]) 



EQ,e^ll^-^^ll'- < ei+^ll«-"'l^ ( Eq, exp 
Proof. Let 

N{t) = 



AXK2{2XK2 + Ki) f \\Xt-Yt\\ldt 
Jo 



(X(r) - y(r), (a(r, X{r)) - a{r, Y{r)))dB{r)) , r < s, 
which is a Q^-martingale. By (12. 7p and noting that K4 < we obtain 
11^* - Y41 < { sup \X{r) - Y{r)\'} W U - v\L 

<U-v\\lo+ sup (iV(r) + 2Kii^2 r\\Xu-Y4ldu]. 

re[o,t] I Jo J 

Combining this with (14. 7p and noting that the Doob inequality implies 



1/2 



E, 



sup e^^^^-* = lim Eq^ ( sup e 



M{r)/p 



re[0,t] 



%'i;j^(i73l)V(e"""")' = eE«,e«'") 
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EQ^e^ll^=-^^"--^ll«-''ll- < ^Qt sup exp 

t6[0,s] 



for a Qr-submartingale M(r), we arrive at 

XN{t) + 2XK1K2 [ \\Xr - YrWldr 
Jo 

XN{s) + 2XK,K2 r \\Xt-Yt\\ldt 
Jo 

2X^N){s)+AXK,K2 f \\Xt-Yt\\1dt 

Jo 



< e Eqj, exp 

< e ^Eqj, exp 

< e I Eqj, exp 



IK'^X' + AXK^K^) / \\Xt-Yt\\ldt 
'0 



1/2 



Lemma 4.4. For any s G (0,to] o'^c? positive X < 



Eqj, exp 



A r\\x,-n\idt 

. Jo 



< 



exp 



IQK^s^X „2 



Proof. Let 



Ao 



1 

1-4/^1X25 



which is positive since s G (0, Se{Xp)]. It is easy to see that 

4K2sAo(2K2sAo + i^i) = Ao. 
So, it follows from the Jensen inequality and Lemma 14.31 that 

< - /'EQ^e^"^ll^*-^*ll-ds 
s Jo 



EQ^exp Ao / \\Xt-Yt\\ldt 
. Jo 

< qI+^osU~v\\^ I^Eq^ exp 
= e^+^«^ll«"''ll- ( Eq^ exp 



4Aoi^'2s(2Aoi^2S + i^'i) / \\Xt-Yt\\i,dt 

Jo 

1/2 

2 

00 





1/2 



Ao / ||X,-F,||^dt 



Up to an approximation argument as in [161 Proof of Lemma 2.2], we may assume 



Eqj, exp 



Ao f\\Xt-Y,\\1dt 
. Jo 



< 00, 



so that this implies 



Eqt exp 



Ao / \\x,-n\idt 





< e 



2+2\osU-r,\\l 
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Therefore, by the Jensen inequahty, for any A G [0, Aq] 



Eqj, exp 



Ao / \\Xt-YA\ldt 



< ^EQ^exp 

< exp 



An 



Xt-Yt\\tdt 



^-^ + 2XsU-v\\l 



A/Ao 



□ 
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